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We have theoretically investigated a long-time transport process of a quantum Brownian particle interacting
with a thermal phonon field in a one-dimensional molecular chain. A kinetic equation is derived from a
quantum Liouville equation in a weak-coupling case by applying a complex spectral representation of Liou-
villean. Due to a characteristic Poincaré resonance for a quantum one-dimensional system, there are an infinite
number of degeneracy for collision invariants. In the hydrodynamic situation, the degeneracy is lifted by the
first order of perturbation of the flow term, resulting in a new hydrodynamic mode, i.e., quantum hydrody-
namic sound mode. It is found that the time evolution of the quantum hydrodynamic sound mode obeys a
macroscopic linear wave equation for the probability distribution of the quantum particle. It is remarkable that
the stability of the wave packet of the sound wave increases as temperature increases. As a demonstration, the
sound wave of the minimum uncertainty wave packet is theoretically analyzed.
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I. INTRODUCTION

Recent developments of ultrafast spectroscopy have al-
lowed to measure an early stage of the relaxation process of
excitons in semiconductors1–8 and molecules,9–11 and stimu-
late the theoretical analysis of the non-Markovian effect of
short-time relaxation process of open quantum systems12–14

based on the kinetic equation for the nonequilibrium quan-
tum Brownian motion.15–20 However, there remain a lot of
interesting phenomena for long-time Markovian relaxation
process yet to be analyzed by quantum kinetic theory such as
the spectrum of the collision operator for spatially homoge-
neous systems, quantum hydrodynamic modes for inhomo-
geneous systems, and so on.

In this paper we will show that the quantum hydrody-
namic sound modes may exist in a one-dimensional molecu-
lar chain in which a quantum particle is interacting with a
thermally equilibrated acoustic-phonon field. The present
system may represent the transport of a vibrational excitation
�a vibron� in a molecular chain.21–28

We will derive a quantum kinetic equation for these sys-
tems on the basis of complex spectral representation of the
quantum Liouville operator that gives a microscopic founda-
tion of the irreversible kinetic theory.29,30 We will show that
the one dimensionality of the system is essential to allow the
quantum hydrodynamic sound mode. Indeed, only for the
one-dimensional case, the collision invariants of the collision
operator of the homogeneous kinetic equation have a degen-
eracy. As is well known, the degeneracy of the collision in-
variants is lifted by the flow term in the inhomogeneous
kinetic equation resulting in the macroscopic transport mode
such as sound wave and diffusion mode in hydrodynamic
situation where the length scale of the spatial inhomogeneity
is longer than the mean-free path of the particle.31,32 In our
system, we will see that the degeneracy of the collision in-
variants is also lifted by the first-order perturbation in terms
of the flow term so that a quantum sound wave transport
appears in addition to the diffusion mode. This is the main

result of the present work. Our result is quite contrast to the
result of the conventional kinetic theory of the quantum
Brownian motion which is based on stochastic approxima-
tion: Only the diffusion mode is allowed to appear as a mac-
roscopic transport mode in the conventional kinetic
theory.33–43

The time evolution of this sound wave obeys a macro-
scopic linear wave equation for the probability itself and not
for the probability amplitude. This sound wave is macro-
scopic because the wave equation represents a collective mo-
tion over macroscopic length much greater than a mean-free
length. As in the usual case, the quantum hydrodynamic
sound wave becomes more stable as temperature rises since
this sound wave is caused by the interaction with thermal
phonon field. But this remarkable fact is counterintuitive
since the random collision with the thermal phonon might
disturb the coherent motion.

In Sec. II we present a model Hamiltonian which de-
scribes a system where a quantum particle is weakly coupled
with a thermally equilibrated acoustic-phonon field in one-
dimensional molecular chain. In Sec. III, we derive a kinetic
equation for a momentum distribution for the quantum par-
ticle by applying a complex spectral representation of the
Liouvillean. We will see that the resonance condition for the
one-dimensional system leads to an infinite number of colli-
sion invariants. In Sec. IV, a kinetic equation for the spatially
inhomogeneous distribution is investigated. We reveal that
the quantum sound wave arises as a macroscopic transport
mode as a result that the degeneracy of the collision invari-
ants is removed by the flow term. The time evolution of the
sound wave following the macroscopic wave equation is
demonstrated to show the stability of the sound wave com-
pared to the free motion. Section V is devoted to some dis-
cussions, where a relaxation time and velocity of the kinetic
sound wave are evaluated for concrete systems. Short sum-
mary of the complex spectral representation is presented in
Appendix B following the brief summary of the Liouville-
space representation in Appendix A. The classical limit of
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the kinetic equation is discussed in Appendix D. In the high-
temperature case, the eigenvalue problem of the collision
operator is solved analytically, which is shown in Appendix
E.

II. MODEL

In this paper, we will discuss a characteristic feature of
the kinetic equation for one-dimensional quantum system
that leads to quantum hydrodynamic sound wave. As a work-
ing example of the one-dimensional quantum system, we
will consider here the Davydov Hamiltonian that is a simple
model for a molecular chain.22 In this system, an intramo-
lecular vibration, such as C=O vibration, transfers along the
chain due to the dipole-dipole interactions, forming a vibra-
tional exciton �a vibron�, and a vibron is weakly interacting
with a longitudinal-acoustic phonon of a backbone molecular
chain. The physical situation is schematically shown in Fig.
1.22–28 Then the Hamiltonian is given by22

H = �
n

E0Bn
†Bn − J�

n

�Bn+1
† Bn + Bn

†Bn+1� + �
q

��qbq
†bq

+ g��
n

Bn
†Bn�un+1 − un−1� . �1�

Here, Bn is annihilation operator for an intramolecular vibra-
tion with a high frequency E0 /� at site n and J denotes the
dipole-dipole interaction between the intramolecular vibra-
tions, and bq is annihilation operator of the acoustic molecu-
lar lattice phonon with �q=c�q�. The fourth term represents
the vibron-phonon coupling due to the modulation of the
on-site energy by the molecular displacements, where g is a
dimensionless coupling constant. The molecular displace-
ment un may be written in terms of the normal mode

un = �
q

� �

2L�M�q
�bq + b−q

† �eiqnd, �2�

where d is a lattice constant, L is the length of the chain, and
�M is the molecular mass density.

Since H conserves the number of a vibron quanta, we
restrict ourselves to the single vibron subspace. By transfor-
mation to the momentum representation

�p� �
1

��L/d�
�

p

exp� ipdn

�
	Bn

†�vac� , �3�

where �vac� denotes the vacuum state for the vibron, the total
Hamiltonian H in Eq. �1� is rewritten as

H = H0 + gHint, �4�

where

H0 = �
p

�p�p�
p� + �
q

��qbq
†bq, �5�

Hint =
1

��
�
p,q

Vq�p + �q�
p��bq + b−q
† � , �6�

with ��L /2�. The vibron energy �p in Eq. �5� is given by

�p = E0 − 2J cos� pd

�
	 . �7�

In this paper, we consider the long wavelength situation of
pd /�	1, where �p is assumed to be

�p � J� pd

�
	2

�
p2

2m
, �8�

aside from a constant E0−2J. Therefore the vibron behaves
as a free quantum particle with the effective mass

m =
�2

2Jd2 . �9�

In Eq. �6� the coupling constant Vq is given in the long-
wavelength situation by

Vq = 
0�q�� �

4��M�q
, �10�

with 
0�2i�d. We impose a periodic boundary condition
leading to the discrete momenta and wave numbers with
p /�, q=2�j /L, respectively, where j=0, �1, �2, . . .. The
model Hamiltonian �4� together with Eqs. �5� and �6� has
also been used to describe a free electron coupling with
acoustic-phonon field through the deformation-potential in-
teraction in semiconductors.44–46

The time evolution of the density matrix ��t� of the total
system obeys the quantum Liouville equation

i
�

�t
��t� = L��t� , �11�

where the Liouvillean L is defined by L���H ,�
 /�.
We focus on the time evolution of the reduced density

matrix of the particle defined by

f�t� � Trph���t�
 , �12�

where Trph means the partial trace over the phonon states.
We assume that in the initial state the phonon system is in
thermal equilibrium represented by

�ph
eq =

1

Zph
exp�− �

q

���qbq
†bq� , �13�

with a phonon partition function

Zph � �
q

�1 − exp�− ���q
�−1, �14�

where ��1 /kBT with the Boltzmann constant kB. Note that
the time evolution of the phonon distribution �ph deviated
from the thermal equilibrium is proportional to 1 /L so that
the deviation from the phonon equilibrium is neglected in a
large system L
1.40

O

�

C

O

�

C

O

�

C

O

�

C

J

�
0

u
n

u
n+1u

n-1

FIG. 1. One-dimensional molecular chain.
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The reduced density operator of the particle may be rep-
resented by the eigenvectors of the unperturbed particle
Hamiltonian, fp,p��t����
p�f�t��p��, where �� comes from
the normalization in the representation of the Wigner basis.
�see Appendix A� We shall instead express the reduced den-
sity operator in terms of “Wigner representation” in the mo-
mentum space of the particle30,40,47,

fk�P,t� � 

k,P�f�t��� = ��
P + �k/2�f�t��P − �k/2� ,

�15�

where �f�t��� stands for a vector in the Liouville space. The
inner product in the Liouville space is defined by 

A �B��
�Tr�A†B
, where A and B are any Hilbert operators of the
particle. The Wigner basis �k , P�� is defined by �k , P��
����P+�k /2�
P−�k /2�. �see Appendix A� The representa-
tion of a density matrix in the Liouville space is summarized
in Appendix A.

The Fourier transform of fk�P , t� for k gives the Wigner
function in phase space

fW�X,P,t� �
1

2�
�

−�

�

fk�P,t�exp�ikX
dk . �16�

The Fourier component of f0�P , t� represents a homogeneous
component of the distribution while k�0 component repre-
sents an inhomogeneous component in space.

We consider such a large system that the wave number
can be regarded as a continuous variable. We will take a
continuous limit L→� in appropriate places. However, as
far as P variables are concerned, there is no confusion to take
L→� limit at this stage. Hence, hereafter we will use a
notation for P of

1

�
�
P

→� dP, ��P,P�
Kr → ��P − P�� . �17�

III. KINETIC EQUATION OF MOMENTUM
DISTRIBUTION

The equation of motion of the reduced distribution func-
tion fk�P , t� is obtained by using the complex spectral repre-
sentation of the Liouvillean as shown in Appendices B and
C.30 The collision operator, which is the time-evolution gen-
erator of the equation of motion of fk�P , t�, is evaluated up to
the second order of the interaction in the weak-coupling
case. The kinetic equation thus derived is the same as ob-
tained by taking a so-called g2t approximation.47,48 In this
section we consider the time evolution of the momentum
distribution with k=0 component f0�P , t� in Eq. �15�.

The kinetic equation of the reduced distribution �f�t��� is
given in Eq. �C6�. By taking k=0, we have

i
�

�t
P̂�0��f�t��� = �̂̄2

�0��+ i0�P̂�0��f�t��� , �18�

where P�k� is the projection operator onto the k component of
the particle defined by P�k���dP�k , P��

k , P�. By multiply-
ing 

0, P� from the left, we obtain

�

�t
f0�P,t� = K̂�0��P,

�

�P
	 f0�P,t� , �19�

where K̂�0��P ,� /�P� is expressed as a matrix element of the

collision operator �̂̄2
�0� given in Eq. �C5� �See Appendix C

for a derivation�,



0,P��̂̄2
�0��0,P��� = g2

0,P�Trph�P̂�0,0�LintQ̂

�0,0� 1

i0+ − L0
Q̂�0,0�LintP̂

�0,0��ph
eq���0,P��� � i

0,P�K̂�0��0,P���

� iK̂�0��P,
�

�P
	��P − P�� . �20�

In Eq. �20� L0 is the unperturbed Liouvillean and Lint is
the interaction part of the Liouvillean, corresponding to
H0 in Eq. �5� and Hint in Eq. �6�, respectively. The super-

operator P̂�0,0� denotes the projection operator for the den-
sity matrix onto the k=0 component of the particle and
�=0 component of the phonon field, as defined in Eq.

�B2�. The superoperator Q̂�0,0�=1− P̂�0,0� is the projection

operator complement to P̂�0,0�. Since L0 has continuous
spectrum for large L
1, the Poincaré resonance occurs
in Eq. �20�, letting the system nonintegrable and
irreversible.30

The explicit form of the collision operator K̂�0� is obtained
by calculating Eq. �20� for the present case Eq. �4� and is
given by

K̂�0��P,
�

�P
	 = −

2�g2

�2 � dq�Vq�2����P − �P+�q

�
+ �q	n�q�

+ ���P−�q − �P

�
+ �q	�n�q� + 1
�

+
2�g2

�2 � dq�Vq�2����P−�q − �P

�
+ �q	n�q�

�exp�− �q
�

�P
�

+ ���P − �P+�q

�
+ �q	�n�q� + 1
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�exp��q
�

�P
�� , �21�

where n�q� denotes the Planck’s distribution

n�q� �
1

exp����q
 − 1
, �22�

and exp���q� /�P
f�P�= f�P��q�.
In K̂�0�, the delta function represents the quantum-

mechanical resonance indicating both the energy and the mo-
mentum conservations in the elementary collision process
between the quantum Brownian particle and a phonon.

Let us recall that the well-known fact that the collision
operator of the kinetic equation for the classical one-
dimensional gas vanishes in the weak-coupling case because
the Fourier component of the interaction potential Vq van-
ishes at the resonance point given by the argument of the
delta function, in spite of the fact that the corresponding
collision operator for the quantum one-dimensional gas does
not vanish.47 It is interesting that a similar phenomena occurs

in our system, i.e., K̂�0� vanishes in the classical limit of �
→0 in Eq. �21�, as proven in Appendix D. This means that
the dissipation in the present weakly coupled system is a
pure quantum effect in the one-dimensional chain.

Now we introduce the following units: lu�� /mc �length
unit�, �u�mc2 �energy unit�, tu�� /mc2 �time unit�, pu
�mc �momentum unit�, and Tu�mc2 /kB �temperature
unit�.45 With these units the energy dispersions of the particle
and phonon read �̄p̄= p̄2 /2 and �̄q̄= �q̄�, respectively. The in-
teraction potential Vq is rewritten in the dimensionless form
as

V̄q̄ = 
̄0�q̄�
1

�4��̄M�̄q̄

; 
̄0 � 
0/�u. �23�

Hereafter we will use the dimensionless unit and omit the
sign of the bar for the dimensionless quantities unless neces-
sary.

In order to solve the kinetic Eq. �19� we consider the
eigenvalue problem of the collision operator

K̂�0��P,
�

�P
	� j

�0��P� = � j
�0�� j

�0��P� , �24�

where �0� denotes k=0 component of the distribution;
� j

�0��P� is a momentum distribution function.
We shall now introduce a similitude transformation of the

distribution function � j�P� with use of T̂ as follows:

�� j�P� = T̂� j�P� = �eq
−1/2�P�� j�P� , �25�

where �eq�P� is the equilibrium distribution in the dimen-
sionless form

�eq�P� = exp�− ��P
��/2� . �26�

We also introduce the vector notation corresponding to Eq.
�25� as

��� j�� = T̂�� j�� , �27�

where



0,P�T̂�0,P��� = T̂��P − P�� = �eq
−1/2�P���P − P�� . �28�

With use of Eqs. �25� and �27�, the Hermite conjugate to
��� j�� can be written by



�� j�0,P�� = �� j
��P� = � j

��P��eq
−1/2�P� = 

� j�T̂�0,P�� .

�29�

The collision operator K̂�0� in Eq. �20� is also transformed to

K� �0� by T̂ as



0,P�K� �0��0,P��� � 

0,P�T̂K̂�0�T̂−1�0,P���

= K� �0��P,
�

�P
	��P − P�� , �30�

where

K� �0��P,
�

�P
	 = �eq

−1/2�P�K̂�0��P,
�

�P
	�eq

1/2�P� . �31�

It if found from Eqs. �21�, �31�, and �30� that K� �0� satisfies
Hermiticity,

�

0,P�K� �0��0,P���
� = 

0,P��K� �0��0,P�� , �32�

while K̂�0� is non-Hermitian operator, i.e.,

�

0,P�K̂�0��0,P���
� � 

0,P��K̂�0��0,P�� . �33�

In the transformed vector space, the eigenvalue problem �Eq.
�24�
 reads

K� �0��P,
�

�P
	�� j�P� = � j

�0��� j�P� , �34�

where � j
�0� takes a real number. The eigenvectors of the Her-

mite operator K� �0� form the complete orthonormal basis in
the transformed vector space as follows:



�� i
�0���� j

�0��� =� dP

�� i
�0��0,P��

0,P��� j

�0���

=� �eq
−1�P��i

�0���P�� j
�0��P�dP = �i,j �35�

and

�
j


��� j��

�� j�� = 1, �36�

which is alternatively expressed as

�
j

�� j
��P��� j�P� = ��P − P�� . �37�

In the original vector space spanned by ��� j���, this closure
relation is represented by

�
j

�eq
−1�P�� j

��P�� j�P�� = ��P − P�� . �38�
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It is readily seen from Eq. �32� that K� �0� satisfies the rela-
tion

�

�� i�K� �0���� j��
� = 

�� j�K� �0���� i�� , �39�

where



�� j�K� �0���� i�� =� dP�� j
��P�K� �0��P,

�

�P
	�� i�P�

=� dP�eq
−1�P�� j

��P�K̂�0��P,
�

�P
	�i�P� . �40�

The time evolution of the momentum distribution function is
then given by

f0�P,t� = 

0,P�f�t��� = 

0,P�T̂−1�f��t���

= �
j

e�j
�0�t� j

�0��P�

�� j
�0��f��0��� , �41�

where �f��t���= T̂�f�t��� defined by Eq. �27�.
Calculating 

�� j

�0��K� �0���� j
�0��� with Eqs. �21� and �40� for

the eigenstates, we find

� j
�0� = − 2�g2� � dPdq�Vq�2�eq

−1�P�n�q� � ���P − �P+q + �q�

��� j
�0��P� − e��q� j

�0��P + q��2 � 0, �42�

which guarantees the monotonous approach to the steady
state for Eq. �19�, i.e., the H theorem: All the states but the
collision invariant �0

�0��P� with �0
�0�=0 exponentially decay.

Equation �42� shows that the collision invariant �0
�0��P�

should satisfy the detailed balance condition,

�0
�0��P� = exp���q
�0

�0��P + q� , �43�

for the value of q determined by the resonance condition
represented by the energy delta function.

The delta function for the energy in K̂�0� representing the
resonance effect plays a key role to the emergence of the
quantum hydrodynamic sound mode as will be shown below.
The states satisfying the resonance condition, �P�q−�P
= ��q, are obtained by the intersections of the particle and
the phonon energy-dispersion curves as shown in Fig. 2�a�,
where the particle and the phonon dispersions are drawn by
the black and the gray lines, respectively. The resonance con-
dition is satisfied for three consecutive states, �0, P0;n−1��,
�0, P0;n��, and �0, P0;n+1�� through one phonon absorption or
emission process, where

P0;n � �− 1�n�P0 − 2n� �n = 0, � 1, � 2, . . .� �44�

with

�P0� � 1. �45�

We can see a sequence of states including a particular state
�0, P0�� with �P0��1 through transitions by the particle-
phonon interaction, as shown in Fig. 2�a�. An entire momen-
tum space is therefore a summation of an infinite number of
disjoint sets of states corresponding to each value of P0 with
�P0��1.

As a consequence, there are an infinite number of colli-
sion invariants �0

�0� corresponding to the disjoint momentum
subspaces specifying with a continuous value of P0 with
�P0��1. Considering Eq. �43� and due to the fact that suc-
cessive states �0, P0;n−1��, �0, P0;n��, and �0, P0;n+1�� satisfy
the resonance condition, �0

�0��P� corresponding to a P0 satis-
fies that

exp���P0;n

�0

�0��P0;n� = exp���P0;n�1

�0

�0��P0;n�1� �46�

for any integer n as shown in Fig. 2�b�. Taking into account
the normalization condition, we can then obtain a collision
invariant for a particular disjoint set of states accompanied
with P0 in the form of a probability density as

�0
�0��P� = NP0

−1�
n

exp�− ��P
��P − P0;n� � �P0
�P� ,

�47�

where NP0
is determined by the normalization condition �35�

as

NP0
= ��2�/��

n

exp�− ��P0;n
��1/2

. �48�

Both the �P0
�P� and NP0

defined by Eqs. �47� and �48�,
respectively, are the functions of P0 through Eq. �44�, where
P0 runs from −1 to 1. Replacing P0 in �P0

�P� and NP0
with

P0;n defined by Eq. �44�, we find the relation

�P0;n
�P� = �P0

�P� and NP0;n
= NP0

. �49�

This indicates together with Eq. �44� that we can extend the
range of P0 in �P0

�P� and NP0
to the entire range of −� to �.

- 4 - 2 0 2 4

- 4 - 2 2 4

2

4

6

8

10

12

−P0 + 2

P0 − 4

P0 + 4

(a)

P

εP , ωq
εP

(b)

φ
(0)
0 (P0;0)

P

−P0 − 2

P0

∝ ϕeq(P )

φ
(0)
0 (P0;1)φ

(0)
0 (P0;−1)φ

(0)
0 (P0;2) φ

(0)
0 (P0;−2)

FIG. 2. �a� The states satisfying resonance conditions, where the
particle and the phonon dispersions are shown by solid and gray
lines, respectively. �b� A distribution of a collision invariant associ-
ated with the value of P0.
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Then �P0
�P� and NP0

become the periodic functions of P0

with the periodicity of 4. �See also Eq. �64�

The fact that there are an infinite number of collision in-

variants �P0
�P� is a consequence of a strong constraint on the

momentum and energy exchange due to the conservation re-
lation. This is quite contrary to the case of an ordinary
Brownian particle with a unique collision invariant, where

the momentum and energy are freely exchanged with the
thermal bath without any constraint.

Now we solve the eigenvalue problem of K̂�0�. Substitut-
ing Eq. �21� into Eq. �24�, we have the explicit expression of
the eigenvalue equation �24� for a given P0 as a simultaneous
equation of � j�P0;n� �n=−� , . . . ,−1 ,0 ,1 , . . . ,��

− �n�P0;n+1 − P0;n� + n�P0;n−1 − P0;n� + 1
� j�P0;n�

+ n�P0;n − P0;n−1�� j�P0;n−1� + �n�P0;n − P0;n+1� + 1
� j�P0;n+1� =
� j

�0�

�
0�2/�M
� j�P0;n� �n � 0� , �50a�

− �n�P0;1 − P0;0� + n�P0;−1 − P0;0�
� j�P0;0�

+ �n�P0;0 − P0;−1� + 1
� j�P0;−1� + �n�P0;0 − P0;1� + 1
� j�P0;1� =
� j

�0�

�
0�2/�M
� j�P0;0� , �50b�

− �n�P0;n−1 − P0;n� + n�P0;n+1 − P0;n� + 1
� j�P0;n�

+ n�P0;n − P0;n+1�� j�P0;n+1� + �n�P0;n − P0;n−1� + 1
� j�P0;n−1� =
� j

�0�

�
0�2/�M
� j�P0;n� �n � 0� , �50c�

where �� j�
�0��� �� j

�0�� for j�� j. On the left-hand side of
Eq. �50�, the first term represents the loss term of � j�P0;n�,
and the second and third terms represent the gain terms
of � j�P0;n�. The Eq. �50� is expressed in the matrix form
as

�
n�=−�

�

K̂n,n�
�0� � j�P0;n�� =

� j
�0�

�
0�2/�M
� j�P0;n� , �51�

where K̂n,n�
�0� = 

0, P0;n�K̂�0��0, P0;n��� which is a non-

Hermitian tridiagonal matrix. The non-Hermitian tridiagonal

matrix K̂n,n�
�0� is cast into a Hermitian tridiagonal matrix

K� n,n�
�0� by the similitude transformation defined by Eq. �30�

as

K� n,n�
�0� � 

0,P0;n�K� �0��0,P0;n��� = 

0,P0;n�T̂K̂�0�T̂−1�0,P0;n���

= ��eq�P0;n�
−1/2K̂n,n�
�0� ��eq�P0;n��


1/2, �52�

where the spectrum of K� �0� is identical with that of K̂�0�. In

order to diagonalize rigorously the Hermitian matrix K� n,n�
�0� ,

we have to use an infinite set of basis states ��0; P0;n���
�n=−� , . . . ,��. However, we can approximately diagonalize
in numerical calculation using enough number of the

basis states ��0; P0;n���. The Hermitian matrix of K� �0� is

numerically diagonalized among enough number of basis
states of ��0; P0;n��� for the eigenvalues to converge.

The spectrum of K̂�0� is obtained by numerically solving
the eigenvalue problem in terms of the continued fraction
method.49 In Fig. 3, we display the spectrum of K̂�0� for
several temperatures, where P0=0.5 is used. It is found that
the spectrum of K̂�0� is discrete. The discreteness of the spec-
trum ensures the existence of the local equilibrium �hence
the hydrodynamic modes� in the present one-dimensional
system.31 It is found that all the values of � j

�0� depend on the
value of P0, except for the collision invariants �P0

�P� with
�0

�0�=0. However, the dependence of � j
�0� for j�0 on P0 is

very weak for � j
�0��1.

λ
(0)
j

|∆0|2/ρM

0

0.5

1.0

1.5

2.0

2.5

λ
(0)
1

λ
(0)
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λ
(0)
1

T = 1 T = 10 T = 100

FIG. 3. The spectrum of K̂�0� for the effective temperatures, T
=1, 10, and 100. P0=0.5 is used.

TANAKA, KANKI, AND PETROSKY PHYSICAL REVIEW B 80, 094304 �2009�

094304-6



The quantity tr�1 / ��1
�0�� determines the relaxation time

taken for the system to relax into the steady state by the
random collision with the thermal phonon field, where ��1

�0��
is the lowest nonvanishing eigenvalue of K̂�0�. We have
shown in Appendix E that ��1

�0�� is proportional to the cou-
pling potential �
0�2, and 1 /�T for T
1.

IV. QUANTUM HYDRODYNAMIC SOUND WAVE

Now we turn our attention to the time evolution of spa-
tially inhomogeneous distribution fk�P , t� with k�0. The
time evolution obeys the kinetic equation which is derived
by the complex spectral representation method as shown in

Appendix C. The kinetic equation for the reduced distribu-
tion �f�t��� is given in Eq. �C6�,

i
�

�t
P̂�k��f�t��� = �̂̄2

�k��wkP + i0�P̂�k��f�t��� . �53�

By multiplying 

k , P� from the left, we have

�

�t
fk�P,t� = K̂�k��P,

�

�P
	 fk�P,t� , �54�

where K̂�k��P ,� /�P� is expressed as a matrix element of the

collision operator �̂̄2
�k��wkP+ i0� as given in Eq. �C5�,



k,P��̂̄2
�k��wkP + i0��k,P��� = wkP + g2

k,P�Trph�P̂�k,0�LintQ̂

�k,0� 1

wkP + i0 − L0
Q̂�k,0�LintP̂

�k,0��ph
eq��k,P��� = i

k,P�K̂�k��k,P���

� iK̂�k��P,
�

�P
	��P − P�� . �55�

The explicit expression of K̂�k��P ,� /�P� for the present
model is given by Eq. �C9�.

In this section we consider the inhomogeneous distribu-
tion whose space variation is so slow that the range of inho-
mogeneity measured by Lh=1 / �k� is far larger than the mean-
free length inversely proportional to the relaxation time Lr
=1 / tr, i.e., we consider the time evolution of fk�P , t� for �k�
	 ��1

�0�� which corresponds to c�k�	 ��1
�0�� with dimension

unit. It is only in this case that the phenomenological con-
cepts in hydrodynamics, such as sound modes, diffusion
modes, etc., have a microscopic dynamical justification.31,47

In this case, the denominator of the resolvent in Eq. �C9� can
be approximated as follows:

wkP + i0 − �wk−q,P−q/2 + �q� =
q

2
�k − q� + qP − �q + i0 �56a�

�−
q2

2
+ qP − �q + i0 �56b�

=i0 − �w−q,P−q/2 + �q� , �56c�

where we have assumed k	q in Eq. �56b�. This assumption
is justified in the hydrodynamic situation because the inter-
action potential Vq given by Eq. �10� is a short-range poten-
tial with an interaction range determined by 1 /q which is
much smaller than the macroscopic spatial range 1 /k to be
concerned. The neglect of the k dependence of the resolvent

in Eq. �55� can approximate K̂�k� as

K̂�k��P,
�

�P
	 � − ikP + K̂�0��P,

�

�P
	 , �57�

with the collision operator K̂�0��P ,� /�P� of the homoge-
neous distribution given in Eq. �21�.

The eigenvalue problem corresponding to Eq. �54� is now
written by

�K̂�0��P,
�

�P
	 − ikP�� j

�k��P� = � j
�k�� j

�k��P� . �58�

We note that K̂�0� does not commute with ikP since K̂�0�

involves � /�P seen in Eq. �21�. By using the same similitude
transformation as in Eqs. �27� and �30�, we rewrite the ei-
genvalue problem �58� as

�K� �0��P,
�

�P
	 − ikP��� j

�k��P� = � j
�k��� j

�k��P� . �59�

The distribution function may be expanded in terms of the
eigenfunctions � j

�k��P� in the same manner of Eq. �41� by

fk�P,t� = 

k,P�f�t��� = 

k,P�T̂−1�f��t���

= �
j

exp�� j
�k�t
� j

�k��P�

�� j
�k��f��0��� , �60�

where the inner product 

�� j
�k� � f��0��� is defined by Eq. �35�.

In the hydrodynamic situation, the flow term �that is a
time-symmetric part� is treated as a small perturbation for the

collision operator K̂�0� �that is a time asymmetric part� in Eq.
�58�.31 The eigenvalues and eigenfunctions are then obtained
in the expansion of k,

� j
�k� = � j;0

�k� + k� j;1
�k� + k2� j;2

�k� + ¯ �61a�
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�� j
�k��� = P̂�k��� j

�k��� = �� j;0
�k��� + k�� j;1

�k��� + k2�� j;2
�k��� + ¯ ,

�61b�

where � j;0
�k� =� j

�0� and � j;0
�k��P��

k , P �� j;0

�k��P���=� j
�0��P� are

the eigenvalues and the eigenfunctions, respectively, of K̂�0�

given in Eq. �24�.
For j=0 the degeneracy of the collision invariants may be

removed by the perturbation of the flow term. According to
the ordinary kinetic theory, the resultant perturbed states
yield the hydrodynamic modes, such as sound modes, diffu-
sion modes, corresponding to the first- and second-order per-
turbations, respectively.31 Note that the degeneracy of j=0 is
classified by P0 as shown in Eq. �45�. Since the collision
invariants �P0

�P� given by Eq. �47� consists both of even and
odd functions of P, the degeneracy of the collision invariants
�P0

�P� are removed by the first-order perturbation of the
flow term which is an odd function of P. We denote �P0

�k�

��0;1
�k� which is associated with the collision invariant �P0

�P�
and ��P0

�k������0;0
�k� �� for a particular value of P0. We then have

for the first-order approximation in k

k�P0

�k� = 

�� P0;0
�k� ��− ikP���� P0;0

�k� �� , �62a�

=�− ik�
�n=−�

� P0;n exp�− ��P0;n



�n=−�
� exp�− ��P0;n



, �62b�

=�− ik�
�P�P0

�P�dP

��P0
�P�dP

, �62c�

�− ik��P0,�� , �62d�

which gives

lim
T→0

��P0,�� = P0. �63�

Note that the flow term �−ikP� is diagonalized among the
collision invariant 

�� P0�

��−ikP���� P0
�����P0�− P0� so that

each �P0

�k��P�=�P0
�P� becomes a hydrodynamic mode in the

first-order approximation in k.31

As will be shown in Eq. �69�, ��P0 ,�� is a sound velocity,
corresponding to a hydrodynamic mode �P0

�P� associated
with a P0. With use of Eq. �44�, we find the periodicity of
��P0 ,��,

��P0;n,�� = ��P0,�� �n = � 1, � 2, � 3, . . .� . �64�

Since P0;n in Eq. �44� runs from −� to �, ��P ,�� defined by
Eqs. �62d� and �64� is a continuous periodic function of P
with the periodicity of 4. In Fig. 4�a�, we show the sound
velocity as a function of P for several temperatures:
T�=1 /��=0.1, 1.0, and 3.0. The temperature dependence of
��P ,�� are also shown in Fig. 4�b� for several values of P.
Starting from ��P ,��= P at T=0, as temperature increases,
��P ,�� increases to a maximum value and then asymptoti-
cally decreases to 0.

Now we consider the time evolution of the distribution
according to Eq. �54�. For t= t0� tr, the system reaches to the

steady state of the momentum distribution, i.e., the local
equilibrium has been attained. In this situation, the momen-
tum distribution is expressed as a linear combination of the
collision invariants �P0

�P� given by Eq. �47�,

fk
LE�P� � �

−1

1

�P0
�P�

�� P0

�k��f��0���dP0, �65�

where the superscript LE stands for the local equilibrium that

still evolves in time by the generator of motion K̂�k� in Eq.
�57�. Equation �65� indicates that in the local equilibrium the
weight of each collision invariants �P0

�P� is uniquely deter-
mined by a given initial distribution. That is how the initial
momentum distribution keeps its memory for long time at
any temperatures in the present one-dimensional chain sys-
tem. Substituting �P0

�P� given by Eq. �47� into Eq. �65� and
taking into account the relation of Eq. �49�, we have

fk
LE�P� = �

−1

1

dP0

�� P0

�k��f��0����
n

exp�− ��P0;n

NP0

��P − P0,n�

= �
−1

1

dP0�
n



�� P0

�k��f��0���
exp�− ��P0;n


NP0;n

��P − P0,n�

= 

�� P0

�k��f��0���
exp�− ��P


NP
�

−1

1

dP0�
n

��P − P0,n�

= 

�� P0

�k��f��0���
exp�− ��P


NP
. �66�

Time evolution of the distribution is given by substituting
Eq. �62d� into Eq. �60� as

P

T = 1/β

σ
(P

,β
)

(a)

(b)

0.1

1.0

3.0

T = 1/β

P

0.2

0.5

0.8

σ
(P

,β
)

FIG. 4. Sound velocity as a function �a� of P and �b� of T.
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fk�P,t� = �
−1

1

dP0 exp��P0

�k��t − t0�
�P0
�P�

�� P0

�k��f��0���

= �
−1

1

dP0�
n

exp�− ik��P0;n,���t − t0�


� 

�� P0

�k��f��0���
exp�− ��P0;n




NP0;n
��P − P0;n�

= exp�− ik��P,���t − t0�


�� P0

�k��f��0���
exp�− ��P


NP
.

�67�

Fourier transform of Eq. �67� gives a Wigner function �Eq.
�16�
 in phase space as

fW�X,P,t� =
1

2�
� dk exp�ik�X − ��P,���t − t0��


� 

�� P0

�k��f��0���
exp�− ��P


NP
. �68�

Differentiating Eq. �68� twice with respect to X and t, we
then obtain a macroscopic wave equation for t� tr with a
sound velocity ��P ,�� as

�2

�t2 fW�X,P,t� = �2�P,��
�2

�X2 fW�X,P,t� . �69�

This clearly reveals that there appears the quantum hydrody-
namic sound mode in macroscopic sense in the exactly same
manner as in the classical gas system.31

Let us illustrate a time evolution of a Wigner distribution
in the case where the initial distribution is given by the mini-
mum uncertainty wave packet with a mean at X=0 in space
and at P= Pintl in momentum spaces,

fW�X,P,0� =
1

�
exp�−

X2

�
x�2 − �P − Pintl�2�
x�2� . �70�

The standard deviation �X�0� in space is given by

�X�0� � �
X�0
2 − 
X�0

2 = �
x�/�2, �71�

where the subscript of 0 stands for t=0 and that in momen-
tum is given by �P�0�=1 /2��X�0�
.

In Fig. 5�a� we show a minimum uncertainty wave packet
with 
x=3.0 and Pintl=0.5, giving a peak at X=0 and P
= Pintl=0.5 with �X�0�=3 /�2�2.1 and �P�0�= �3�2�−1

�0.23. Since �X�0�
�P�0�, this wave packet becomes
macroscopic in space. A bird’s-eye view and the contour plot
of the wave packet are shown in the left and the right col-
umns, respectively.

After the relaxation time at t= t0� tr, the system has
reached to the local equilibrium where the momentum distri-
bution relaxes into the equilibrium,

� fW�X,P,t0�dX = f0
LE�P� �t0 � tr� �72�

while the spatial distribution is unchanged

� fW�X,P,t0�dP =� fW�X,P,0�dP . �73�

We show the Wigner distribution at t0��tr� for a temperature
T=2.5 in Fig. 5�b�. The distribution has side peaks at P0;1
=1.5, P0;−1=−2.5, and P0;2=3.5 besides the main peak at
P0;0= Pintl=0.5, corresponding to the distribution of �P0

�P�
shown in Fig. 2�b�. Each peak has a same width in P direc-
tion of �P�0��0.23. As the temperature increases, the satel-
lite peak intensities increase as seen from Eq. �47�.

Then the wave packet propagates in space following the
macroscopic wave Eq. �69� as shown in Fig. 5�c�. During the
propagation in space while the distribution does not change
along P direction, it is dispersed along X direction since the
wave packet �Eq. �68�
 is composed of various plane waves
with different sound velocities shown in Fig. 4�a�. Reflecting
the periodicity of ��P ,�� as a function of P, the dispersed
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FIG. 5. Propagation of the wave packet for the particle distribu-
tion as a quantum hydrodynamic sound wave at T=2.5. A bird’s-eye
view and a contour plot are shown in right and left columns, re-
spectively, for initial �a� distribution at t=0, �b� distribution at local
equilibrium at t= t0� tr, and �c� t− t0=30� /mc2. The wave packet
for the free particle with the same initial condition at t=30� /mc2 is
shown in �d�.
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distribution function demonstrates the same periodicity as in
Fig. 4�a� besides the Boltzmann factor.

For comparison we display in Fig. 5�d� the time evolution
of the Wigner distribution of a free particle without the in-
teraction with the phonons for the same initial condition
given by Eq. �70�. The distribution of the free particle is
immediately spread out in space because of the phase mixing
effect as a consequence of the nonlinearity in energy with
respect to a momentum p, �p� p2. It is, therefore, quite in-
triguing and counterintuitive that the random collision of the
quantum particle with thermal phonon field makes the mac-
roscopic coherent motion of the particle far more stable than
the free particle motion.

In Fig. 6, we also show the propagation of the wave
packet of the particle distribution for the same parameters as
in the case of Fig. 5 except for Pintl=1.0. In this case, the
main peak at P0;0= Pintl and the first satellite peak at P0;1 is
merged at P=1.0, and the small satellite at P=−3.0 corre-
sponds to P0;−1 and P0;2, as shown in Fig. 6�b�. The propa-

gation of the wave packet following the macroscopic wave
Eq. �69� is shown in Fig. 6�c�. Compared to Fig. 5�c�, the
distribution along X direction is greatly suppressed as a result
that ��P ,�� is slightly changed around P=1.0 and P=−3.0
as a function of P as shown in Fig. 4�a�. It is, therefore,
intriguing that the minimum uncertainty wave packet propa-
gates without being spread even under the random collision
with the phonon field.

We show in Fig. 7 the stability of the wave packet of the
quantum hydrodynamic sound wave compared with the free
particle. The standard deviation of the wave packet in space
is given by

�Xsw�t� � �
X2�t − 
X�t
2 = �� � X2fW�X,P,t�dXdP

− �� � XfW�X,P,t�dXdP	2�1/2

, �74�

which becomes broadened in time. For the sound wave, we
obtain

�Xsw�t� = � �
x�2

2
+ t2Gsw�Pintl,���1/2

, �75�

where the broadening ratio Gsw is given by

Gsw�Pintl,��

=
�
x�
��

� dP�2�P,��exp�− �
x�2�P − Pintl�2


− � �
x�
��

� dP��P,��exp�− �
x�2�P − Pintl�2
�2

.

�76�

The standard deviation of the free particle wave packet with
the initial condition Eq. �70� is given by

�Xfree�t� = � �
x�2

2
+ t2Gfree�1/2

, �77�

with

Sound wave stable
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T

(b)

Pintl

T

η

FIG. 7. Stability of the sound wave: �a� the ratio of the speed of
broadening of �a� the wave packet, �=Gsw /Gfree, and �b� a contour
plot of �. The stable region of the sound wave against the free
particle is shaded in �b�.
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FIG. 6. Propagation of the wave packet of the particle distribu-
tion for the same parameters as in Fig. 5 except for Pintl=1.0. A
bird’s-eye view and a contour plot are shown in right and left col-
umns, respectively, for initial �a� distribution at t=0, �b� distribution
at local equilibrium at t= t0� tr, and �c� t− t0=30� /mc2. The wave
packet for the free particle with the same initial condition at t
=30� /mc2 is shown in �d�.
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Gfree =
1

2�
x�2 . �78�

In Fig. 7�a� we show the ratio of ��Gsw�Pintl ,�� /Gfree as a
function of Pintl and T=1 /�, where the initial wave packet is
assumed to be a minimum uncertainty wave packet with

x=3.0. The contour plot of � is drawn in Fig. 7�b�. Because
of the periodicity of ��P ,�� with respect to P as shown in
Fig. 4�a� and Eq. �64�, Gsw�Pintl ,�� is periodic with respect
to Pintl; Gsw�Pintl ,��=Gsw�Pintl�2,��. For ��1, the broad-
ening of the wave packet of the sound wave is slower than
that of the free particle, indicating that the propagation of the
sound wave is more stable than the free particle. The shaded
region in Fig. 7�b� denotes the stable region of the sound
wave. It is clearly seen from Fig. 7 that the stability of the
sound mode increases as temperature increases.

As t increases to the order of t�1 /k2, the second-order
perturbation in Eq. �61� becomes nonnegligible. So the quan-
tum hydrodynamic sound mode eventually disappears due to
the diffusion process, similar to the case of the classical
sound mode in gas.31

V. DISCUSSIONS AND CONCLUDING REMARKS

We have derived a kinetic equation for a quantum particle
which is coupled with an acoustic phonon in one-
dimensional system based on the formulation of complex
spectral representation of the Liouvillean. As usual, the col-
lision operator for the weakly coupled system has a contri-
bution only from the resonance energy that is represented by
the delta function for the unperturbed energy of the Brown-
ian particle and the phonon. Because of this resonance con-
dition, the momentum states are separated into an infinite
number of independent disjoint sets for the one-dimensional
system. As a result, there appears an infinite degeneracy in
the collision invariants.

We have presented an analytic solution of the eigenvalue
problem of the collision operator for the high-temperature
case, as well as a numerical solution for more general case.
These solutions show that the eigenvalues of the collision
operator are discrete. Hence, there is a finite gap between the
collision invariant and the first eigenstate. We also found that
the relaxation time determined by the inverse of this gap is
proportional to �
0�2 and 1 /�T for a high-temperature case.

Thanks to the discreteness of the spectrum of the collision
operator, one can consider the so-called hydrodynamic situ-
ation where the flow term in the inhomogeneous situation
may be considered as a small perturbation on the collision
term. We then showed that the degeneracy of the collision
invariants are lifted by the flow term in the first-order pertur-
bation of the wave number, which yields the quantum hydro-
dynamic sound mode. Note that the flow term is time sym-
metric while the collision term breaks time symmetry.
Hence, our quantum sound mode is a result of the dissipa-
tion. Indeed, we have seen that the stability of our quantum
sound mode increases with temperature, which is counterin-
tuitive, as the random collision of our Brownian particle with
the thermal acoustic phonon stabilizes the propagation of the
sound mode.

We note that there is no quantum sound mode in two- or
three-dimensional systems. This is because there is no de-
generacy in more than one-dimensional system. Indeed, in
these systems the momentum states coupled to a particular
�P0� state with �P0��mc due to the resonance condition of
�P��q−�P= ���q are determined by a common line or sur-
face, respectively, of the intersections of the particle and
phonon dispersions. This is in contrast to the case of one-
dimensional system where the coupled momentum states are
determined in pointwise as shown in Fig. 2�a�. Since these
continuous common lines or surfaces corresponding to dif-
ferent �P0� states are intersected with each other, all the mo-
mentum states are connected. As a result there is no degen-
eracy of the collision invariants. In the two or three-
dimensional systems, therefore, we have only a diffusion
mode as for the hydrodynamic transport mode that comes
from the second-order perturbation of the flow term.

Let us also remark the case where the particle is interact-
ing with optical-phonon field instead of the acoustic-phonon
field considered in this paper. For the optical phonon, the
energy dispersion is described by �q=�0 �constant�. For this
case one can show that Poincaré resonance gives also rise to
an infinite number of disjoint sets of momentum space,
which then yields an infinite degeneracy of collision invari-
ants, as in the case of the interaction with an acoustic-phonon
filed. However, it is found that in this case the collision in-
variants are given by an even function of P. Since the flow
term is an odd function of P, the degeneracy of the collision
invariants are not removed by the first-order perturbation of
the flow term, unlike the case of the acoustic phonon. There-
fore, there does not appear the quantum hydrodynamic sound
wave in the case of the interaction with an optical-phonon
field.

In the weak-coupling case, the renormalization effect on
the sound velocity appears from the second-order correction
in terms of the interaction of gLint, just as the renormaliza-
tion effect of the eigenenergies of a Hamiltonian appears
from the second-order correction of an interaction. On the
other hand, the decay of the sound mode also appears from
the second-order correction of gLint. Therefore as long as we
are concerned with a time region in which we can ignore the
decay of the sound mode, we can consistently ignore the
renormalization effect of the sound velocity.

Let us present an evaluation of the relaxation time and the
sound velocity for a vibrational excitation �a vibron� in mo-
lecular chain which is a transfer mechanism of an bioenergy
in �-helix protein.22,23,25,26 The vibrational exciton �vibron�
propagates under the thermal collision with a backbone de-
localized molecular vibration. The effective mass of the vi-
bron has been evaluated by the dipole-dipole interactions
between the peptide units,22 m=�2 /2d2J�2�10−28 kg,
where d is a periodicity of the unit peptide and J is a dipole-
dipole interaction constant. The interaction potential and the
acoustic-phonon velocity have been estimated in
literatures22: �
0��0.5 eV and c�4000 m /s. With these
values, lu=� /mc=1.3 Å, the energy unit �u=mc2

=20 meV=230 K, yielding the relaxation time tr�17 fs at
T=310 K. It should be noted that due to the large effective
mass the energy unit �u is large. Therefore, the quantum
resonance is prominent even at the physiological tempera-
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ture, i.e., the effective temperature T̄eff�T / ��u /kB�=1.33. As
a result, the quantum hydrodynamic sound wave can be ob-
served to propagate with the sound velocity of the same or-
der of the acoustic-phonon velocity c=4000 m /s. Note that
in this case we need to take into account the correct energy
dispersion of the vibron which is different from that of the
free particle. It is found that the relaxation dynamics of the
vibron in �-helix protein shows a very interesting feature.
This will be discussed in a forthcoming paper.50

The model Hamiltonian �4� has been used to account for
the relaxation process of an electron �or an exciton� motion
interacting with the acoustic-phonon mode in semiconductor
crystals,46 and semiconductor quantum wires where an elec-
tron is restricted in one-dimensional motion while the pho-
non is three dimensional.51–53 In this respect, the present
model may be oversimplified for an electron in semiconduc-
tor wire because the phonon is restricted in one-dimensional
motion. But we think that the present analysis may shed new
light on the transport processes of semiconductor wires so it
is worth while to investigate its potential applicability to
various solid-state nanomaterials, including semiconductor
wires.

In this study we have considered the macroscopic trans-
port process of the simplified one-dimensional molecular
chain system. In reality, there are a lot of extrinsic factors
which may hinder the appearance of the quantum sound
wave, for example, imperfections of the chain, perturbations
due to the side chains, quasi-one-dimensionality of the chain.
In addition to the intrinsic diffusion process, the quantum
sound mode decays due to these extrinsic disturbances. Even
so, as long as the strength of the disturbances are small com-
pared to the inverse of the relaxation time tr, there is a time
window in which the transport of the hydrodynamic sound
wave is stable to be observed. We shall reveal the time re-
gion for the stable transport of the quantum sound wave in
the forthcoming paper.50
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APPENDIX A: REPRESENTATION OF WIGNER BASIS IN
LIOUVILLE SPACE AND THE EXPRESSION OF Lint

In this section, we shall briefly review the Liouville-space
representation of a Hilbert-space operator. In Appendix A–C,
we present the results in the form with dimensions. The
Liouville space is spanned by linear operators in A ,B , . . . in
the ordinary wave-function space.30 As usual, the inner prod-
uct of the Liouville space is defined by



A�B�� = Tr�A†B� , �A1�

where A and B are linear operators acting on wave functions,
and A† is a Hermite conjugate of A. For the case where the
wave-function space is spanned by a complete orthonormal
basis,

�
�

���
�� = 1, 
���� = ��,�, �A2�

the Liouville space is spanned by a complete orthonormal
basis of the dyads �� ;�������
��, i.e.,

�
�,�

��;���

�;�� = 1, 

�;����;���� = ��,����,��.

�A3�

The matrix element of the usual operator A in the wave-
function space is given by



�;��A�� = 
��A��� . �A4�

For the present case, with use of the orthonormal eigenstates
of the unperturbed Hamiltonian �5�, we can take the ortho-
normal basis in the Liouville space as �p ; p��� and �nq ;nq���
for the particle and phonon systems for a q mode, respec-
tively. In terms of these orthonormal basis, the Wigner basis
are defined by

��k,P�� � �p;p��� = �P +
�k

2
;P −

�k

2
�� �A5�

for the particle state and

����,�N��� � ��n�;�n���� = ��N +
�

2
� ;�N −

�

2
��� �A6�

for the phonon state, where �¯ � in Eq. �A6� denotes a direct
product of all q modes of the phonon states. We note the
difference of the notation between “semicolon” and
“comma” in Eqs. �A5� and �A6�. These Wigner basis form
the orthonormal complete basis set

��k,P�k�,P��� = �k,k�
Kr �P,P�

Kr , �
k

�
P

��k,P����k,P�� = 1

�A7�

for the particle states and



���,�N������,�N���� = ��,��
Kr �N,N�

Kr ,

�
�,N

����,�N���

���,�N�� = 1, �A8�

for the phonon states.
Here we introduce a new Wigner basis for the particle

states as

�k,P�� � ����k,P�� , �A9�

where ��L /2�. These new Wigner basis for the particle
satisfy the orthonormal complete relation



k,P�k�,P��� = ��P,P�
Kr �k,k�

Kr , �A10�
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�
k

1

�
�
P

�k,P��

k,P� = 1. �A11�

We may take here L→� limit for the P variables, which
leads to Eq. �17�.

These basis states are eigenvectors of the unperturbed Li-
ouvillean L0 in the Liouville space

L0�k,P�� � ����,�N��� = �wk,P + ����k,P�� � ����,�N��� ,

�A12�

where

wk,P �
1

�
��P+�k/2 − �P−�k/2� , �A13�

�� � �
q

�q�q. �A14�

The Wigner basis forms a complete orthonormal basis set



k,P�k�,P��� · 

���,�N������,�N����

= ��P − P���k,k�
Kr ����,����

Kr
��N�,�N��

Kr , �A15�

�
k
� dP�k,P��

k,P� � �

�,N
����,�N���

���,�N�� = 1.

�A16�

The matrix element of the usual operator A of a particle in
the wave-function space is represented by Wigner basis as

Ak�P� � 

k,P�A�� = ��
P + �k/2�A�P − �k/2� .

�A17�

The Liouvillean for the interaction parts Lint is then repre-
sented in terms of these basis



k,P� � 

���,�N��gLint�����,�N��� � �k�,P��� =
g

��
�

q

Vq�q,k−k�
kr ��P − P��

�
1

�
���Nq +

�q�

2
+

1

2
exp�−

�q

2

�

�P
�exp�1

2

�

�Nq
� −�Nq −

�q�

2
+

1

2
exp��q

2

�

�P
�exp�−

1

2

�

�Nq
���

�q�,�q+1
Kr

�̄���,����
Kr

+ ��N−q +
�−q�

2
+

1

2
exp�−

�q

2

�

�P
�exp�−

1

2

�

�N−q
� −�N−q −

�−q�

2
+

1

2
exp��q

2

�

�P
�exp�1

2

�

�N−q
��

��
�−q� ,�−q−1
Kr

�̄���,����
Kr � , �A18�

where �̄���,����
Kr denotes the Kronecker delta relation other than

the q �or −q� mode. This represents the transition by Lint
from the state with a �k� ,��� particle-phonon correlation to
the states with a �k ,�� particle-phonon correlation.47

The interaction Liouvillean can be represented by a dia-
gram in correlation dynamics as shown in Fig. 8,47,54 where
the diagrams corresponding to the first and second lines in
Eq. �A18� are shown in Figs. 8�a� and 8�b�, respectively. In
Fig. 8, the solid and dashed lines represent correlations of a
particle and phonon states, respectively.

APPENDIX B: THE COMPLEX SPECTRAL
REPRESENTATION OF LIOUVILLEAN AND

SUBDYNAMICS

In this section, we shall briefly summarize the complex
spectral representation of Liouvillean.30 Useful formula for
this paper are listed without proof. The reader may refer to
some references for detail.30,40

In the complex spectral representation of Liouvillean, we
consider the eigenvalue problem for each correlation sub-
space ���= �k ,�� given by

L�Fj
����� = Zj

����Fj
�����, 

F̃j

����L = 

F̃j
����Zj

���, �B1�

where the Liouvillean, L=L0+gLint, can have complex ei-
genvalues Im Zj

����0. It has been shown that the time evo-
lution splits into two semigroups; one is oriented toward our
future t�0 with Im Zj

����0 �equilibrium is approached for
t→�� while the other is oriented toward our past t�0 with
Im Zj

����0. All irreversible processes have the same time
orientation. To be self-consistent we choose the semigroup
oriented toward our future, which determines the direction of

(a)

ν′
q = νq + 1

k′ = k − qk

q

νq

(b)
k′ = k − qk

−q

ν′
−q = ν−q − 1ν−q

FIG. 8. Diagram of correlation dynamics for the interaction
Liouvillean.
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the analytic continuation of the eigenfunction of L.29,30

In terms of the eigenstates of L0 as defined in Eq. �A12�,
we introduce the projection operator as

P̂�k,�� = �
N
� dP�k,P��

k,P� � ����,�N���

���,�N�� ,

�B2�

resulting in

L0P̂�k,�� = P̂�k,��L0, �B3a�

P̂�k,��P̂�k�,��� = P̂�k,���k,k���,��, �B3b�

�
k,�

P̂�k,�� = 1. �B3c�

We also introduce the projection operators

Q̂�k,�� = 1 − P̂�k,�� �B4�

which are orthogonal to P̂�k,��.
We solve the eigenvalue problem �B1� for the perturbed

system with g�0 under the boundary conditions for the un-
perturbed case

�Fj
����� = P̂����Fj

����� ,



F̃j
���� = 

F̃j

����P̂��� for g = 0. �B5�

Hence, Q̂����Fj
�����=0 for g=0. The Q̂��� components are cre-

ated through the interaction for g�0. The right and left

eigenstates, �Fj
����� and 

F̃j

����, are biorthonormal sets satis-
fying



F̃j
����Fj�

������ = � j,j���,��, �
�,j

�Fj
�����

F̃j

���� = 1. �B6�

Applying the projection operators P̂��� and Q̂��� in Eqs. �B2�
and �B4� to the Eq. �B1�, we derive the set of equations

P̂���L�P̂����Fj
����� + Q̂����Fj

������ = Zj
���P̂����Fj

����� ,

�B7a�

Q̂���L�P̂����Fj
����� + Q̂����Fj

������ = Zj
���Q̂����Fj

����� .

�B7b�

Equation �B7b� leads to

Q̂����Fj
����� = Ĉ����Zj

����P̂����Fj
����� , �B8�

where

Ĉ����z� =
1

z − Q̂���LQ̂���
Q̂���gLintP̂

��� �B9�

is called the creation-of-correlation operator or simply the
creation operator.30 Substituting Eq. �B8� into Eq. �B7a�, we
obtain

�̂����Zj
�����uj

����� = Zj
����uj

����� , �B10�

where

�uj
����� = �Nj

����−1/2P̂����Fj
����� �B11�

and Nj
��� is a normalization constant which will be deter-

mined later. Here, �̂��� is the collision operator familiar to
nonequilibrium statistical mechanics.31,32,47,48 This operator
is associated to diagonal transitions between two states cor-

responding to the same projection operator P̂���,

�̂����z� = P̂���L0P̂��� + P̂���gLintP̂
���

+ P̂���gLintQ̂
���Ĉ����z�P̂���. �B12�

Note that Eq. �B10� is a nonlinear equation in the same sense
of the Brillouin-Wigner perturbation method, i.e., the eigen-
value Zj

��� appears in the collision operator.

Assuming completeness in the space P̂���, we may always
construct a set of states �

ũj

����� biorthogonal to ��uj
������, i.e.,



ũj
����uj�

������ = � j,j���,��, �
�,j

�uj
�����

ũj

���� = 1.

�B13�

Formula �B10� shows that the P̂��� component of �Fj
�����

�which is called “privileged component” of �Fj
������ is an

eigenstates of the collision operator, which has the same ei-
genvalue Zj

��� as the Liouvillean. The solution of the eigen-
value problem of the Liouvillean for our class of singular
functions has unique features. The privileged components

satisfy closed equations and the Q̂��� components are
“driven” by the privileged components �See Eq. �B8�
.

Combining Eq. �B8� with Eq. �B11�, we obtain the right
eigenstates of the Liouvillean given by

�Fj
����� = �Nj

����P̂��� + Ĉ����Zj
����
�uj

����� . �B14�

Similarly, we obtain for the left eigenstates given by



F̃j
���� = 

ṽ j

�����P̂��� + D̂����Zj
����
�Nj

���, �B15�

where the operator D̂����Zj
���� is called the destruction-of-

correlation operator, or the destruction operator for short,
and is defined by �cf. Eq. �B9�


D̂����z� = P̂���gLintQ̂
��� 1

z − Q̂���LQ̂���
Q̂���. �B16�

Again D̂����z� corresponds to the off-diagonal transitions;

D̂����z�= P̂���D̂����z�Q̂���. Using D̂����z�, the collision opera-

tor �̂����z� is also written as

�̂����z� = P̂���L0P̂��� + P̂���gLintP̂
���

+ P̂���D̂����z�Q̂���gLintP̂
���. �B17�

The states 

ṽ j
���� are the left eigenstates of the collision op-

erator �̂���,
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ṽ j
�����̂����Zj

���� = 

ṽ j
����Zj

���. �B18�

We have revealed so far the correspondence between the
eigenvalue problems of the Liouvillean L and the collision

operator �̂���. Now we shall derive the kinetic equation from
the solution of the eigenvalue problem of L. In order to
connect the kinetic theory to the eigenvalue problem of L,
we first introduce the global creation and destruction opera-
tors as

C��� � �
j

Ĉ����Zj
�����uj

�����

ũj
���� , �B19a�

D��� � �
j

�v j
�����

ṽ j

����D̂����Zj
���� . �B19b�

Then, we can write the eigenstates as

�Fj
����� = �Nj

���
1/2�P̂��� + C�����uj
����� , �B20a�



F̃j
���� = 

ṽ j

�����P̂��� + D�����Nj
���
1/2. �B20b�

The normalization constant may be found from the bior-
thonormality condition of the eigenstates Eq. �B6� as

�Nj
���
−1 = 

ṽ j

�����Âj
���
−1�uj

����� , �B21�

where

Âj
��� = ��P̂��� + D�����P̂��� + C����
−1 = �P̂��� + D���C���
−1.

�B22�

The global collision operators associated with the creation
operator C��� are given by

 C
��� � �

j

�̂����Zj
�����uj

�����

ũj
���� = �

j

Zj
����uj

�����

ũj
����

�B23�

and with the destruction operator D��� they are given by

 D
��� � �

j

�v j
�����

ṽ j

�����̂����Zj
���� = �

j

�v j
�����

ṽ j

����Zj
���.

�B24�

This is the direct way to see that the Liouvillean shares the
same eigenvalues with the collision operator. Substituting
Eq. �B12� into Eqs. �B23� and �B24�, respectively, we have

 C
��� = P̂���L0P̂��� + P̂���gLintC

���P̂��� �B25�

and

 D
��� = P̂���L0P̂��� + P̂���D���gLintP̂

���. �B26�

In general, we have  C
���� D

��� �cf. Eqs. �B12� and �B17�
.
The concept of subdynamics has been introduced in the

works by Prigogine et al.29,30,32,40,55 The relation of subdy-
namics to the complex spectral representation can be ob-
tained through the projection operators !��� defined by

!��� � �
j

�Fj
�����

F̃j

���� . �B27�

They satisfy the orthogonality and completeness relations,

L!��� = !���L , �B28a�

!���!���� = !�������, �B28b�

�
�

!��� = 1. �B28c�

Therefore, !��� is an extension of P̂��� to the total Liouvil-
lean L.

The dressed distribution function for the collective modes
associated with each subspace is given by

������� � !������� . �B29�

The privileged component defined by P̂��������t� obeys the
Markovian equation which reads

i
�

�t
P̂���������t��� =  C

���P̂���������t��� . �B30�

In the weak-coupling case, we expand �̂����z� in Eq. �B12�
up to the second order of Lint,

�̂����z� � �̂2
����w� + i0�

= P̂���L0P̂��� + g2P̂���LintĈ1
����w� + i0�P̂���, �B31a�

= P̂���L0P̂��� + g2P̂���D̂1
����w� + i0�LintP̂

���, �B31b�

where we have assumed P̂���LintP̂
���=0 which is the case we

consider in this paper. In Eq. �B31a� Ĉ1
����z� is given by

gC1
����z� =

1

z − L0
Q̂���gLintP̂

���, �B32�

and in Eq. �B31b� D̂1
����z� is given by

gD1
����z� = Q̂���gLintP̂

��� 1

z − L0
. �B33�

Substituting Eq. �B25� with Eq. �B31� and Eq. �B32� into Eq.
�B30�, we then have in the weak-coupling case the Markov-
ian dissipative equation

i
�

�t
P̂������t��� = �̂2

����w��� + i0�P̂������t��� . �B34�

(a)

ν = 0ν′
q = +1ν = 0

k′ = k − q kk

q

(b)

ν = 0ν = 0

k′ = k − q kk

ν′
−q = −1

−q

FIG. 9. Diagram of the collision operator �̄2
�k��wkP+ i0�.
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APPENDIX C: DERIVATION OF THE KINETIC EQUATIONS

In this section, we shall derive the kinetic equations of the reduced distribution by applying Eq. �B34� into our model.
Keeping in mind that ���= �k ,0� in Eq. �B34� and taking a trace over the phonon field, we have

i
�

�t�N 

�0�,�N��P̂�k,0����t��� = �
N



�0�,�N���̂2
�k,0��wkP + i0�P̂�k,0����t��� , �C1a�

⇔i
�

�t


k,P�f�t��� = �

N,N�
� dP�

k,P�

�0�,�N���̂2

�k,0��wkP + i0���0�,�N�����k,P���

k,P��

�0�,�N�����t��� , �C1b�

where



k,P�

�0�,�N���̂2
�k,0��wkP + i0���0�,�N�����k,P���

= wkP��P − P����N�,�N��
Kr + g2

k,P�

�0�,�N��P̂�k,0�LintQ̂

�k,0� 1

z − L0
Q̂�k,0�LintP̂

�k,0���0�,�N�����k,P��� �C2a�

��̂2
�k,0��P,

�

�P
,�N�,

�

��N�	��P − P����N�,�N��
Kr . �C2b�

Substituting Eq. �C2b� into Eq. �C1b� leads to

i
�

�t


k,P�f�t��� = �

N

�̂2
�k,0��P,

�

�P
,�N�,

�

��N�	

k,P�

�0�,�N����t��� . �C3�

By using the fact that the phonon distribution does not deviate from the thermal equilibrium in a large volume system, we can
cast Eq. �C3� into the form of

i
�

�t


k,P�f�t��� = �

N

�̂2
�k,0��P,

�

�P
,�N�,

�

��N�	�ph
eq�N�

k,P�f�t��� , �C4�

where �ph
eq�N�=exp�−�q���qNq
 /Zph. We define a collision operator �̂̄2

�k��wkP+ i0� acting on the particle distribution whose
matrix elements are determined by



k,P��̂̄2
�k��wkP + i0��k,P��� � ��

N

�̂2
�k,0��P,

�

�P
,�N�,

�

��N�	�ph
eq�N����P − P�� �C5a�

=wkP��P − P�� + g2

k,P�Trph�P̂�k,0�LintQ̂
�k,0� 1

wkP + i0 − L0
Q̂�k,0�LintP̂

�k,0��ph
eq��k,P��� . �C5b�

Substituting Eq. �C5� into Eq. �C4�, we obtain the kinetic equation of the reduced distribution as

i
�

�t
P̂�k��f�t��� = �̂̄2

�k��wkP + i0�P̂�k��f�t��� , �C6�

where P̂�k���dP�k , P��

k , P�.
The second term of Eq. �C5b� consists of the two terms which are represented by the diagrams in Fig. 9. The explicit

expressions of these terms are given by

g2

�2�
�

q
�
N

Vq��Nq + 1 exp�−
�q

2

�

�P
�exp�1

2

�

�Nq
� − �Nq exp��q

2

�

�P
�exp�−

1

2

�

�Nq
�� 1

z − �wk−q,P + �q�

�V−q��Nq +
1

2
exp��q

2

�

�P
�exp�−

1

2

�

�Nq
� −�Nq +

1

2
exp�−

�q

2

�

�P
�exp�1

2

�

�Nq
���ph

eq�N���P − P�� �C7�

for Fig. 9�a� and

TANAKA, KANKI, AND PETROSKY PHYSICAL REVIEW B 80, 094304 �2009�

094304-16



g2

�2�
�

q
�
N

Vq��N−q exp�−
�q

2

�

�P
�exp�−

1

2

�

�N−q
� − �N−q + 1 exp��q

2

�

�P
�exp�1

2

�

�N−q
�� 1

z − �wk−q,P − �−q�

�V−q��N−q +
1

2
exp��q

2

�

�P
�exp�1

2

�

�N−q
� −�N−q +

1

2
exp�−

�q

2

�

�P
�exp�−

1

2

�

�N−q
���ph

eq�N���P − P�� �C8�

for Fig. 9�b�, where �ph
eq�N��exp�−�q���qNq
 /Zph. By taking the thermodynamic limit in Eqs. �C7� and �C8� and combining

them with the first term of Eq. �C5b�, we obtain the explicit expression of �̂̄2
�k��z� as



k,P��̂̄2
�k��z��k,P���

= �wkP +
g2

�2� dq�Vq�2�� 1

z − �wk−q,P−�q/2 + �q�
+

1

z + �wk−q,P−�q/2 + �q���n�q� + 1��1 − exp�− ��q
exp�− �q � /�P
�

+ � 1

z − �wk−q,P+�q/2 + �q�
+

1

z + �wk−q,P+�q/2 + �q��n�q��1 − exp���q
exp��q � /�P
�����P − P�� . �C9�

APPENDIX D: CLASSICAL LIMIT

In this section, we prove that the collision operator given
by Eq. �21� vanishes in the classical limit ��→0�, which
suggests that no dissipation takes place in the present one-
dimensional chain under the g2t approximation. For this pur-
pose, we start with Eqs. �C7� and �C8� and expand them in
terms of �, rather than to directly expand Eq. �21�. Instead of
�N� and ���, we use the action �J� and angle ��� variables
defined by47,54

xq =� 2Jq

m�q
sin �q, pq = �2Jqm�q cos �q, �D1�

where xq=�� /2m�q�bq+bq
†� and pq=−i�m��q /2�bq−bq

†�.
We then have the following relations,

Nq →
Jq

�
, �

N

→
1

�
� dJ, �ph

eq�N� → ��ph
eq�J� , �D2�

where the equilibrium distribution for the phonon system is
represented by

�ph
eq�J� = �

q

��q exp�− �
q

��qJq� . �D3�

The expressions of Eqs. �C7� and �C8� are cast into the form
of

g2

�2�
�

q
� dJVq

1

�
��Jq + � exp��

2
�− q

�

�P
+

�

�Jq
	�

− �Jq exp��

2
�q

�

�P
−

�

�Jq
	�� 1

z − �w−q,P + �q�

� V−q��Jq +
�

2
exp��

2
�q

�

�P
−

�

�Jq
	�

−�Jq +
�

2
exp��

2
�− q

�

�P
+

�

�Jq
	���ph

eq�J���P − P��

�D4�

and

g2

�2�
�

q
� dJV−q

1

�
��Jq exp��

2
�q

�

�P
−

�

�Jq
	�

− �Jq + � exp��

2
�− q

�

�P
+

�

�Jq
	�� 1

z − �wq,P − �q�

� Vq��Jq +
�

2
exp��

2
�− q

�

�P
+

�

�Jq
	�

−�Jq +
�

2
exp��

2
�q

�

�P
−

�

�Jq
	���ph

eq�J���P − P�� ,

�D5�

respectively, where we have replaced q with −q in Eq. �D5�.
In the classical limit, we may neglect the action � compared
to Jq. By expanding the exponentials in terms of �, the above
expressions reduce to

g2� dq� dJ
�Vq�2

�
�− q

�

�P
+

�

�Jq
	 Jq

z − �w−q,P + �q�

��q
�

�P
−

�

�Jq
	�ph

eq�J���P − P�� �D6�

and

g2� dq� dJ
�Vq�2

�
�q

�

�P
−

�

�Jq
	 Jq

z − �wq,P − �q�

��− q
�

�P
+

�

�Jq
	�ph

eq�J���P − P�� , �D7�

respectively, where we have replaced �−1�q with �dq. By
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summing up Eqs. �D6� and �D7�, and taking z=+i0, we ob-
tain



0,P��̂̄2
�0��+ i0��0,P��� = 2i�g2� dq� dJ

�Vq�2

�

��q
�

�P
−

�

�Jq
	Jq��qP/m − c�q��

��q
�

�P
−

�

�Jq
	�ph

eq�J���P − P��

�D8a�

=2i�g2kBT� dq
�Vq�2

��q

�

�P
q��qP/m − c�q��

��q
�

�P
+

�q

kBT
	��P − P�� �D8b�

=
ig2�
0�2kBT

2c2�M
� dq

�

�P
q��q�P/m − cq/�q��


��q
�

�P
+

�q

kBT
	��P − P�� , �D8c�

where we have integrated for J with use of Eq. �D3� in Eq.
�D8b�, and have used Eq. �10� in Eq. �D8c�. The expression
�D8c� is identical with the one Bak et al. have derived in
three-dimensional case. �See Eq. �19� in Ref. 54
.

Since the integrand includes the factor of q��q�P /m�c�
,
the one-dimensional integration for q vanishes, resulting in



0, P��̂̄2
�0��+i0��0, P���=0. This proves that no dissipation

occurs in the present one-dimensional chain when the inter-
action of the quantum particle and the phonon field is con-
sidered up to the second order in the collision operator. The
situation is similar to the one-dimensional gas system where
the collision operator vanishes in the second-order approxi-
mation for the collision operator.47 On the other hand, in
two- and three-dimensional cases the integration for q turns
out to be

� dqq��q ·
P

m
� c	�q ·

�

�P
+

�q

kBT
	 . �D9�

The two- or three-dimensional integration for q gives a finite
value for the collision operator as long as the particle veloc-
ity �P� /m exceeds over c; the dissipation occurs for this case,
which is nothing but the Cherenkov radiation.47

It is worth while to emphasize the two aspects of the �
→0 limit. First the h→0 is equivalent to the limit of T
→� in terms of the average phonon number 
N�= 
J� /�
�kBT /��. In this limit, we may neglect the elementary ac-
tion � compared to J in Eqs. �D4� and �D5�. The other aspect
of the �→0 limit is seen in the resonance condition repre-
sented by the delta function in the collision operator. For a
finite �, the resonance condition in Eq. �21�, �P��q−�P
= ���q, reads

�P � �q�2

2m
−

P2

2m
= � c��q� ⇔ �

qP

m
+

�q2

2m
= � c�q� .

�D10�

This represents both the energy and the momentum conser-
vations in the elementary collision process between the
quantum Brownian particle and a phonon. A nonzero value
of �q�= �2P�mc� /� satisfies Eq. �D10�, resulting in the finite
value of the collision operator in quantum mechanics as
shown in Eq. �44� or Fig. 2�a�. Note that, since the quantum
resonance condition is irrespective of temperature, the colli-
sion operator exists for any temperatures as long as we keep
� finite. On the other hand, when �→0 is taken in Eq.
�D10�, the classical resonance condition is satisfied only for
q=0, as shown in Eq. �D8c�, resulting in the vanishing col-
lision operator.

APPENDIX E: THE ANALYTIC SOLUTION FOR A HIGH
TEMPERATURE CASE

In this section, we show the approximate solution of the

eigenvalue problem of K̂�0� and the temperature dependence
of the relaxation time. First we note that the collision opera-

tor K̂�0� has a property for symmetry of

K̂�0��P,
P

�P
	 = K̂�0��− P,−

�

�P
	 �E1�

which enables us to divide the whole momentum space into
two independent subspaces as

�0,PS�� �
1
�2

��0,P�� + �0,− P����PS " 0� , �E2a�

�0,PS�� �
1
�2

��0,P�� − �0,− P����PA � 0� , �E2b�

where �0, PS�� and �0, PA�� denote the symmetric and anti-
symmetric basis in the momentum distribution space, respec-
tively. In this section, we consider the distribution � j�P� de-
viated from the equilibrium, instead of � j�P�,

� j�P� � �eq�P�� j�P� , �E3�

where �eq�P� is given by Eq. �26�. Corresponding to the
symmetrized basis of �0, PS�� and �0, PA��, the momentum
distribution function is classified into two subspaces as

� j
S�P� � 

0,PS�� j�� =

1
�2

�� j�P� + � j�− P�
 , �E4a�

� j
A�P� � 

0,PA�� j�� =

1
�2

�� j�P� − � j�− P�
 . �E4b�
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With use of Eqs. �21�, Eq. �24� is classified into two kinetic
equations for each subspace,

K̂S�PS,
PS

�PS	� j
S�PS� = � j

�0�� j
S�PS� , �E5a�

K̂A�PA,
PA

�PA	� j
A�PA� = � j

�0�� j
A�PA� . �E5b�

With use of Eqs. �E1� and �21�, explicit expression of these
eigenvalue problems are written as

� j
�0�

�
0�2/�M
� j

S�PS� = �n�2�PS + 1�
 + n�2�PS − 1�
 + 1�� j
S�PS� − n�2�PS + 1�
� j

S�PS + 2� − �n�2�PS − 1�
 + 1�� j
S�PS − 2� �PS � 1� ,

�E6a�

� j
�0�

�
0�2/�M
� j

S�PS� = �n�2�PS + 1�
 + n�2�PS − 1�
�� j
S�PS� − n�2�PS + 1�
� j

S�PS + 2� − n�2�PS − 1�
� j
S�PS − 2� �1 � PS " 0� ,

�E6b�

and

� j
�0�

�
0�2/�M
� j

A�PA� = �n�2�PA + 1�
 + n�2�PA − 1�
 + 1�� j
A�PA� + n�2�PA + 1�
� j

A�PA + 2� + �n�2�PA − 1�
 + 1�� j
A�PA − 2�

�PA � 1� , �E7a�

� j
�0�

�
0�2/�M
� j

A�PA� = �n�2�PA + 1�
 + n�2�PA − 1�
�� j
A�PA� + n�2�PA + 1�
� j

A�PA + 2� + n�2�PA − 1�
� j
A�PA − 2� �1 � PA � 0� .

�E7b�

For a high-temperature and high-momentum case,

T 
 1, PS,PA 
 1, �E8�

we can approximate in Eqs. �E6� and �E7� that

n2�P+1� − n2�P−1� + 1 � 1, �E9a�

n2�P+1� + n2�P−1� + 1 � 2n2P, �E9b�

and

� j�P � 2� � � j�P� � 2
d

dP
� j�P� + 2

d2

dP2� j�P� . �E10�

Substituting Eqs. �E10� into Eq. �E6a� or �E7a�, we have a
eigenvalue problem presented as a differential equation,

−
T

P

d2

dP2� j�P� +
d

dP
� j�P� =

� j
�0�

2�
0�2/�M
� j�P� , �E11�

where we assume nP�T / P. By taking a new variable # and
corresponding distribution gj�#� as

# �
P

�2T
, gj�#� � exp�− � j#�T/2
� j�#� , �E12�

the eigenvalue Eq. �E11� is reduced to the following
Hermite-type differential equation:

d2

d#2gj�#� − 2�# −�T

2
� j	 d

d#
gj�#� + 2�T

4
� j

2	gj�#� = 0.

�E13�

The solutions are obtained as

gj�#� = Hj�# − � j
�T/2� �E14�

where Hj�x� is a jth degree Hermite polynomial. The eigen-
value is given by

� j = 2� j

T
�j = 0,1,2, . . .� . �E15�
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